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BACKGROUND

What is a Causal Graph?

Chocolate eaten

a—
spurious correlation

>
causality

Nobel prizes

Ref: F. H. Messerli, N Engl J Med (2012)



Problem : Data Explosion

BACKGROUND
Background Massive & High-Dimensional Data
1980s 2000s 2020s
1D spectrum: 2D image to 3D chunk: 4D or higher-D big data:
I(E) I(E, k) I(E, k,T,8,1)
2 >
& >
3 2
I= i
Energy Wave Vector, k L T
—
MByte
KByte y TByte
=
2D/3D fit to a peak Al-based data recognition,
1D fit to a peak and dispersion clustering, etc

Adapted from Fuijita et al., Sci. Rep., 2025



BACKGROUND Solution : Causal Al

Fujitsu Causal Al automatically extract causal structures

Our Problem:

Correlation Analysis

Data

lnput Correlation A < B occurs Thousands of
_ 9 Q Conditional Causal Graphs!
= Variable A | «--» | Variable B

Causal Discovery
[ M

Data Causality A — B occurs

Input N

Condition X q N

= Q S = /«’ b’*\ .
e Cause A | «eeuees > Effect B causal Graph

Adapted Trom rujita et al., Sci. Rep., 2025



BACKGROUND

Motivation & Core Objective

Transforming Causal Graphs into Reliable Scientific Insights

Three Pillars for Al-Driven Discovery

1.Convincingness 2.Comprehensiveness 3.Discoverability

Logical & Simple Unbiased & Exhaustive Beyond Human Intuition

Goal: Enhance Causal Al with a mathematical framework to drive scientific discovery.



BACKGROUND

Inside Fujitsu’'s Causal Al

Wide Learning Direct LINGAM Causal Graphs

Finds collection -+ Estimate the direction of »  \jisyalizes causal

Dataset

input data
of conditions cause and effect pathways



BACKGROUND

In More Detail

Dataset Wide Learning

Thousands of Causal Graphs

Condition

Condition

Condition

Direct
LiINGAM

Direct
LiINGAM

Direct
LiINGAM

Causal
Graphs

Causal
Graphs

Causal
Graphs



BACKGROUND

In More Detail

Dataset — " Wide Learning

1 Condition — 1 Graph

Condition

Condition

Condition

EE—

[

Direct
LiINGAM

Direct
LiINGAM

Direct
LiINGAM

Causal
Graphs

Causal
Graphs

Causal
Graphs



METRICS

Why Use Metrics?

Causal

Condition
Space Direct Graph
LINGAM Space

e Goal : analyze (C;, G;)

e Need : Metrics



METRICS

A Metric on the Space of Conditions

The Jaccard Metric

How similar two sets are.

|IC1 N Cy|

d;(C1,Cy) =1 —
J( 1, 2) |01UC2|

Red Cap Has Ring

3

dj(Red, Ring) =1 — ==



METRICS

The Total Effect Metric on Causal Graphs

: €i,j
|
Ri; = eij + €ixex; e
All theways [ | cause | | K
: €i,j
dTE(G17 GZ) — | e
IR(G1) — R(G2)||r ’



METRICS

Why Total Effect Metric on Causal Graphs

: €i,j
I
‘ Measures how much influence e
i hasover | | it
k

: €i,j

Total Effect matrices provide |

comprehensiveness of causality €; 1




METRICS

TE and Frobenius metrics




METRICS

TE and Frobenius metrics

Condition: graph 318 | [None] Condition: graph 455 | [None]
034 0.467




METRICS

TE and Frobenius metrics

Condition: graph 318 | [None] Condition: graph 455 | [None]
034 0 4R7

. only catch the edges directly connects

Total Effects : collects all the paths



effect (i)

METRICS

TE and Frobenius metrics

Same graph pair, two metrics: TE = 1.545 vs adjacency = 1.036 (x1.49)

|B31g - Bass| adjacency |F318 - Fass|  total effect TE amplifies exactly the rows
dagj = 1.036 dre = 1.545 downstream of conductivity
] : i i m=m adjacen
molality molality wolality adjacency
— 0.5 — 0.5 mmm total effect (TE)
monomer_mw - monomer_mw - monomer_mw
density - 0.4 density 0.4 density
tfsi_diff tfsi_diff tfsi_diff
0.3 0.3
li_diff 1 li_diff 1 li_diff
poly_diff - 02 poly_diff - 0z poly_diff
transf_num - 0.1 transf_num - 0.1 transf_num
conduct - conduct conduct
T T T T T T T 0.0 T T T T T T T 0.0 T T T T
- z E E g z % z £ £ £ E g 0.0 0.2 0.4 0.6 0.8
s oo g8 2 D D g % 5 o g 2 2 D E @ row contribution to distance
g g % % g § 8 E g * % g ¢ 8
o © [} o
c b c b
g g
cause (j)

The total effect metric shows the accumulation of all paths



CONDITIONAL PATHING

Path-connecting causal graphs

Path exists:
Type of Conditional homogeneity

‘ Can we find a path?

No path exists: ®
Distinct causal structures

DEFINITION

(C,.G,) and (C,,G, ) are
(e,0)-path connected if
there exists some {C.}

so that at every step,

dre(Gi, Giy1) < e
dJ(Ci7 Ci—l—l) S 0



The pathing
algorithm

Input
(CO? GO)1(CK7 GK)a 81 6

|

1 Build a condition lattice

adjacent conditions have Jaccard < o

|

2 Graph search algorithm

edge is admissible only if graphs have TE < ¢

l

Output
path of (C;, Gj) pairs, or None



The pathing
algorithm

Tradeoff!
Comprehensiveness

Computational Cost

Input
(CO? GO),(CK, GK)a 81 6

1 Build a condition lattice

adjacent conditions have Jaccard < &

2 Graph search algorithm

edge is admissible only if graphs have TE < ¢

Output
path of (C;, Gj;) pairs, or None



The pathing
algorithm

conductivity<8.27376e-05 A li_diffusivity=1.0268e-08
A molality<1.47172 a tfsi_diffusivity=2.1232e-08

molality - 0.4
0.3
monomer_mw -
0.2
density
0.1
tfsi_d
0.0
li_d
r—0.1
poly_d 4
r—0.2
t_num 4 —03
= L .

li_d

molality 4
density
tfsi_d
poly_d
t_num
cond

monomer_mw A

(start of path)

0->1->2->3->4->5->6



The pathing
algorithm

Doesn’t change!

conductivity<8.27376e-05 A li_diffusivity=1.0268e-08
A molalitygi.47172 a tfsi_diffusivity=2.1232e-08 a
poly_diffusivity=1.73215e-08

molality,s

mefiomer_mw

density

tfei g

li_d -

poly_d 1

t_num A

li_d
cond

poly_d
t_num

molality
density
tfsi_d

monomer_mw -

AJaccard = 0.4327 ATE = 0.2896

0->1->2->3->4->5->6

0.4

0.3

0.2

0.1

0.0

r—0.1

r—0.2

-0.3

-0.4



The pathing
algorithm

Doesn’t change!

conductivity<8.27376e-05 A li_diffusivity=9.6347e-09
A molalitygi.47172 a tfsi_diffusivity=2.1232e-08 a
poly_diffusivity=1.73215e-08

molality,s

mefiomer_mw

density

tfei g

li_d-

poly_d 1

t_num A

li_d
cond

poly_d
t_num

molality
density
tfsi_d

monomer_mw -

AJaccard = 0.0069 ATE = 0.0231

0->1->2->3->4->5->6

0.4

0.3

0.2

0.1

0.0

r—0.1

r—0.2

-0.3

-0.4



The pathing
algorithm

Doesn’t change!

conductivity<8.27376e-05 A li_diffusivity=9.6347e-09
A molalitygi.47172 a tfsi_diffusivity=2.1232e-08 a
poly_diffusivity=7.6588e-09

molality,s

mefiomer_mw A

density

tfsi.g

li_d -

poly_d 1

t_num A

li_d
cond

poly_d
t_num

molality
density
tfsi_d

monomer_mw -

AJaccard = 0.4332 ATE = 0.2783

0->1->2->3->4->5->6

0.4

0.3

0.2

0.1

0.0

r—0.1

r—0.2

-0.3

-0.4



The pathing
algorithm

Doesn’t change!

conductivity<8.27376e-05 A li_diffusivity=9.6347e-09
A molalitygi.47172 a tfsi_diffusivity=2.1232e-08 a
poly_diffusivity=5.0734e-09

molality,s

mefiomer_mw A

density

tfei g

li_d -

poly_d 1

t_num A

li_d
cond

poly_d
t_num

molality
density
tfsi_d

monomer_mw -

AJaccard = 0.0142 ATE = 0.0266

0->1->2->3->4->5->6

0.4

0.3

0.2

0.1

0.0

r—0.1

r—0.2

-0.3

-0.4



The pathing
algorithm

Doesn’t change!

conductivity<8.27376e-05 A li_diffusivity=9.6347e-09
A molalitygi.49915 a tfsi_diffusivity=2.1232e-08 a
poly_diffusivity=5.0734e-09

molality,s

mefiomer_mw

density

tfsi.g

li_d -

poly_d 1

t_num A

li_d
cond

poly_d
t_num

molality
density
tfsi_d

monomer_mw -

AJaccard = 0.1969 ATE = 0.1976

0->1->2->3->4->5->6

0.4

0.3

0.2

0.1

0.0

r—0.1

r—0.2

-0.3

-0.4



The pathing
algorithm

Doesn’t change!

conductivity<8.27376e-05 A li_diffusivity=1.0268e-08
rgioly_diffusivity=8.00994e-09 A
tfsi_diffusivity=2.1232e-08

0.4
molality,s
0.3
mefiomer_mw -
0.2
density
0.1
tf:i_:‘
0.0
li_d
F—0.1
-—0.2
t_num A
-0.3
cond -
-0.4

li_d

cond

poly_d
t_num

molality
density
tfsi_d

monomer_mw -

AJaccard = 0.0477 ATE = 0.3830

0->1->2->3->4->5->6



The pathing
algorithm

Some conditions are load bearing
candidates (conductivity, tfsi_diffusivity)

Potential drivers of a fixed mechanism

conductivity<8.27376e-05 A li_diffusivity=1.0268e-08
A poly_diffusivity=8.00994e-09 a
tfsi_diffusivity=2.1232e-08

molality

monomer_mw -

density

tfsi_d

li_d -

poly_d 1

t_num A

density
tfsi_d
lid
poly_d
t_num
cond

molality 4

monomer_mw -

AJaccard = 0.0477 ATE = 0.3830

0->1->2->3->4->5->6

0.4

0.3

0.2

0.1

0.0

r—0.1

r—0.2

-0.3

-0.4



The pathing
algorithm

Some conditions are load bearing
candidates (conductivity, tfsi_diffusivity)

Potential drivers of a fixed mechanism

Structural finding

Not physics

conductivity<8.27376e-05 A li_diffusivity=1.0268e-08
A poly_diffusivity=8.00994e-09 a
tfsi_diffusivity=2.1232e-08

0.4
molality
0.3
monomer_mw -
0.2
density
0.1
tfsi_d 1
0.0
li_d
F—0.1
-—0.2
t_num A
-0.3
cond -
-0.4

lid
poly_d
t_num

cond

density
tfsi_d

molality 4

monomer_mw -

AJaccard = 0.0477 ATE = 0.3830

0->1->2->3->4->5->6



The pathing
algorithm

Some conditions are load bearing
candidates (conductivity, tfsi_diffusivity)

Potential drivers of a fixed mechanism

conductivity<8.27376e-05 A li_diffusivity=1.0268e-08
A molality<1.47172 a tfsi_diffusivity=2.1232e-08

molality
monomer_mw -
density

tfsi_d

li_d

poly_d 4

t_num 4

density A
tfsi_d
li_d
poly_d
t_num
cond

molality 4

monomer_mw A

(start of path)

0->1->2->3->4->5->6

0.4

0.3

r0.2

0.1

0.0

F-0.1

F-0.2

-0.3

-0.4



The pathing
algorithm

Some conditions are load bearing
candidates (conductivity, tfsi_diffusivity)

Potential drivers of a fixed mechanism

Changes “freely

»
!

conductivity<8.27376e-05 A li_diffusivity=1.0268e-08
A molality<1.47172 a tfsi_diffusivity=2.1232e-08 a
poly diffusivity=1.73215e-08

molality

monomer_mw

density

tfsi_d

li_d -

poly_d 1

t_num A

cond A .

density
tfsi_d
lid
poly_d
t_num
cond

molality 4

monomer_mw -

AJaccard = 0.4327 ATE = 0.2896

0->1->2->3->4->5->6

0.4

0.3

0.2

0.1

0.0

r—0.1

r—0.2

-0.3

-0.4



The pathing
algorithm

Some conditions are load bearing
candidates (conductivity, tfsi_diffusivity)

Potential drivers of a fixed mechanism

Changes “freely

»
!

conductivity<8.27376e-05 A li_diffusivity=9.6347e-09
A molality<1.47172 a tfsi_diffusivity=2.1232e-08 a
poly diffusivity=1.73215e-08

molality

monomer_mw -

density

tfsi_d

li_d-

poly_d 1

t_num A

cond A .

density
tfsi_d
lid
poly_d
t_num
cond

molality 4

monomer_mw -

AJaccard = 0.0069 ATE = 0.0231

0->1->2->3->4->5->6

0.4

0.3

0.2

0.1

0.0

r—0.1

r—0.2

-0.3

-0.4



The pathing
algorithm

Some conditions are load bearing
candidates (conductivity, tfsi_diffusivity)

Potential drivers of a fixed mechanism

Changes “freely

»
!

conductivity<8.27376e-05 A li_diffusivity=9.6347e-09
A molality<1.47172 a tfsi_diffusivity=2.1232e-08 a
poly diffusivity=7.6588e-09

molality

monomer_mw -

density

tfsi_d

li_d -

poly_d 1

t_num A

density
tfsi_d
lid
poly_d
t_num
cond

molality 4

monomer_mw -

AJaccard = 0.4332 ATE = 0.2783

0->1->2->3->4->5->6

0.4

0.3

0.2

0.1

0.0

r—0.1

r—0.2

-0.3

-0.4



The pathing
algorithm

Some conditions are load bearing
candidates (conductivity, tfsi_diffusivity)

Potential drivers of a fixed mechanism

Changes “freely

»
!

conductivity<8.27376e-05 A li_diffusivity=9.6347e-09
A molality<1.47172 a tfsi_diffusivity=2.1232e-08 a
poly diffusivity=5.0734e-09

molality

monomer_mw -

density

tfsi_d

li_d -

poly_d 1

t_num A

density
tfsi_d
lid
poly_d
t_num
cond

molality 4

monomer_mw -

AJaccard = 0.0142 ATE = 0.0266

0->1->2->3->4->5->6

0.4

0.3

0.2

0.1

0.0

r—0.1

r—0.2

-0.3

-0.4



The pathing
algorithm

Some conditions are load bearing
candidates (conductivity, tfsi_diffusivity)

Potential drivers of a fixed mechanism

Changes “freely

»
!

conductivity<8.27376e-05 A li_diffusivity=9.6347e-09
A molality<1.49915 a tfsi_diffusivity=2.1232e-08 a
poly diffusivity=5.0734e-09

molality

monomer_mw -

density

tfsi_d

li_d -

poly_d 1

t_num A

density
tfsi_d
lid
poly_d
t_num
cond

molality 4

monomer_mw -

AJaccard = 0.1969 ATE = 0.1976

0->1->2->3->4->5->6

0.4

0.3

0.2

0.1

0.0

r—0.1

r—0.2

-0.3

-0.4



The pathing
algorithm

Some conditions are load bearing
candidates (conductivity, tfsi_diffusivity)

Potential drivers of a fixed mechanism

Changes “freely

»
!

conductivity<8.27376e-05 A li_diffusivity=1.0268e-08
A poly_diffusivity=8.00994e-09 a
tfsi_diffusivity=2.1232e-08

0.4
molality
0.3
monomer_mw -
0.2
density
0.1
tfsi_g'q
0.0
li_d
F—0.1
-—0.2
t_num A
-0.3
cond -
-0.4

lid
poly_d
t_num

cond

density
tfsi_d

molality 4

monomer_mw -

AJaccard = 0.0477 ATE = 0.3830

0->1->2->3->4->5->6



CONDITIONAL PATHING

The path
algorithm

Some conditions are load bearing
candidates (conductivity, tfsi_diffusivity)

Potential drivers of a fixed mechanism

Other conditions are mechanism
irrelevant candidates (poly_diffusivity)

conductivity<8.27376e-05 A li_diffusivity=1.0268e-08
A poly_diffusivity=8.00994e-09 a
tfsi_diffusivity=2.1232e-08

molality

monomer_mw -

density

tfsi_d

li_d -

poly_d 1

t_num A

lid
poly_d
t_num

cond

density
tfsi_d

molality 4

monomer_mw -

AJaccard = 0.0477 ATE = 0.3830

0->1->2->3->4->5->6

0.4

0.3

0.2

0.1

0.0

r—0.1

r—0.2

-0.3

-0.4



CONDITIONAL PATHING

The path
algorithm

Some conditions are load bearing
candidates (conductivity, tfsi_diffusivity)

Discoverability!

Other conditions are mechanism
irrelevant candidates (poly_diffusivity)

conductivity<8.27376e-05 A li_diffusivity=1.0268e-08
A poly_diffusivity=8.00994e-09 a
tfsi_diffusivity=2.1232e-08

molality

monomer_mw -

density

tfsi_d

li_d -

poly_d 1

t_num A

lid
poly_d
t_num

cond

density
tfsi_d

molality 4

monomer_mw -

A)accard = 0.0477 ATE = 0.3830

0->1->2->3->4->5->6

0.4

0.3

0.2

0.1

r0.0

r—0.1

r—0.2

-0.3

-0.4



CONDITIONAL PATHING

Path Components

. °q
Each dot is a single S°
condition-graph 0ga o 00 0%, .&
pair s * o,

& ® %o
2~
%
Path Components: :‘:‘” DA Y
clustering that respect the ,‘ i

underlying topologies.

oA aresee
VB SPPLOINON



CONDITIONAL PATHING

Path Com pOnentS N=3000: component centroids

- orange band = anion decoupled, green band = cation decoupled
3 (p=26)
0.8 4 @]

(n=292)
®c5 (n=17)

O
o))
L

total Effect Evaluation
across Clusters —
Clear Separation ldentified

=
S
1

2 (n=29)
R0

o(

conductivity - tfsi_diffusivity (anion)
o
N

(n=48)

o
o
1
| h
|

“if11ﬂi2’T

T T

0.0 0.2 0.4 0.6 0.8
conductivity - li_diffusivity (cation)



CONDITIONAL PATHING

Path Com ponents Regime label counts (557 fixed conditions)
e B 3000
350 - B 4000
300 -

Robust Regime Distribution
Across Sample Sizes N

# conditions
b - N N
o wn o wn
o o o o
4 1 1 1

w
o
L

o




CONDITIONAL PATHING

Future Work

Explore more patterns in the paths

Study more paths

apply to more data.

conductivity<8.27376e-05 A li_diffusivity=1.0268e-08
A poly_diffusivity=8.00994e-09 A
tfsi_diffusivity=2.1232e-08

mmmmmmmmmm

AJaccard = 0.0477 ATE = 0.3830

Theoretical Guarantees

Prove our conjectures regarding the
robustness of pathing.

Automate Discovery

Automate detection of mechanism
irrelevancies and load bearing
candidates in relevant paths.



LOCA PATHING

Local Pathing

0.040

‘ Study substructures as conditions change




LOCAL PATHING

Underlying Topology

Total Effect
—_—

Homeomorphism
= Same Structure

Output lies ONLY on DAG s



LOCAL PATHING

Edge Space
10

| All possibilities between fixed nodes



LOCAL PATHING

Nerve Structure of Topology

A

a—= —=

“pOint” “edge” “face”

(RVR) (RV R)? RVR

| All edge + weight possibilities



LOCAL PATHING

3-node Pathing

| Small example



LOCAL PATHING

3-node Pathing

| Remove cycles



LOCAL PATHING

3-node Pathing

| Consider loop in DAG space



LOCAL PATHING

Choice of Object to Study

L, = "Y1 N DAG,

Remove 0!



LOCAL PATHING

3-node Toy Example

Flat Tire

Flat Tire
/ 0\ N
Distracted

Noise —> ) .
Driver Noise Dlstrgcted
Driver

Causal graphs “wind” around this line
Half loops may represent incongruence



LOCAL PATHING

Projecting Along Cycles

M= M IPCW ) *""'[chcw

0 1 0 0 0 1
Pew=10 0 1|.Pecw= 1|1 0 0
1 0 0 0 1 0

M|pey s M| pogy — Norm(M | p.y,. ), Norm(M | pogyy )

‘ Consider several projections on choice of 3 columns



LOCAL PATHING

Projecting Along Cycles (Causal Order)

(021)

(1,02) —

—(2,1,0)

Graphs with cyclic sub-causal order lie on
3 great circles



LOCAL PATHING

3-Node Pathing Algorithm

{po,p1,---} maxpi+1€0pi(0(pi,p?:+1)) - dJ(PiapiH)) :dy < € = c-mean(dy)

Incremental Incremental
Winding Jaccard

Winding algorithm conditions



LOCAL PATHING

3-Node Pathing Algorithm

1) No returning to 2) Avoid cylinder
great circles about line

O

Winding algorithm conditions



LOCAL PATHING

3-Node Pathing on Real Data
Winding on

real data;

Jaccard

threshold

0.3 of mean 0




LOCAL PATHING

3-Node Pathing on Real Data

Winding on

real data; 7w winding
Jaccard

threshold

0.3 of mean 0




LOCAL PATHING

3-Node Pathing (Small Jaccard)

Forward path — Step 0

/“\

-0.160 -0.310

/O

molality __| O. 1 87 _’monomer_

Forward - Step 0; Jaccard threshold 0.1 of mean



LOCAL PATHING

3-Node Pathing (Small Jaccard)

Forward path — Step 1

/“\

-0.153 -0.316

/O

molality " 0. 1 80 monomer_

Forward - Step 1; Jaccard threshold 0.1 of mean



LOCAL PATHING

3-Node Pathing (Small Jaccard)

Forward path — Step 2

f’\

-0.110 || -0.325

/A

molality " O, 1 8 1 [~monomer_

Forward - Step 2; Jaccard threshold 0.1 of mean



LOCAL PATHING

3-Node Pathing (Small Jaccard)

Forward path — Step 3

f\

-0.103 -0.338
molatity € 0.175 |—monomer )

Forward - Step 3; Jaccard threshold 0.1 of mean



LOCAL PATHING

3-Node Pathing (Small Jaccard)

Reverse path — Step 0

-0.142 -0.102
molality | 005 9 _’m oooooo ]

‘ Backward- Step 0; Jaccard threshold 0.1 of mean



LOCAL PATHING

3-Node Pathing (Small Jaccard)

Reverse path — Step 1

-0.105

-0.082

/

\

molality _| 0.0 7 7 _’mono

‘ Backward- Step 1; Jaccard threshold 0.1 of mean

mer_



LOCAL PATHING

3-Node Pathing (Small Jaccard)

Reverse path — Step 2

-0.107 -0.081
molality _] 0.08 1 _’mono

‘ Backward- Step 2; Jaccard threshold 0.1 of mean

mer_



LOCAL PATHING

3-Node Pathing (Small Jaccard)

Reverse path — Step 3

-0.079

-0.075

/

\

molality | 0.079 _’m oooooo =)

‘ Backward- Step 3; Jaccard threshold 0.1 of mean



LOCAL PATHING

3-Node Pathing (Small Jaccard)

Reverse path — Step 4

-0.094

-0.081

/

molality "

0.086  [-monomer.

‘ Backward- Step 4; Jaccard threshold 0.1 of

mean



LOCAL PATHING

3-Node Pathing Full Data

o o (D, TFSI, Poly) 0.!":.'"4 2 (1D, Poly, Cond) 0.638

Columns Winding Len Columns Winding Len (,MY‘(' D,'(,ond) 0.543 2 (M’ l.)‘ ,L.l), 3 0.622

s = v > (TFSI, Li, Poly) 0.534 2 (TFSIL, TN, Cond)  0.612
™, Li, TN) 1.663 3 ™, MW, D) 1.756 5 D i > PN G 0.599
(M, MW, TN) 1.573 5 (M, Li, TN) 1.570 5 (M, D, "). SES St ( pE A Do ) ik
(MW, D, L) Lsis 3 (M. MW, TN) M. Poly, TN) 0.531 2 (1D, TFSL, Li) 0.588
D, Li, TN 1.309 3 M, D, TN
(B: 7% Cona) 1074 2| (2 P, P , MW, D) 1.756 )
(M, D, TN) 1.051 2 (1D, Li, TN) L v —rrry g s :
(MW, TN, Cond) 1.013 4 (M, MW, Cond) 1.132 2 (TFSI, Poly, Cond)  0.489 2 (MW, D, Li) 0.526
(M, MW, Cond) 0.989 3 (MW, DD, Cond) 1066 2 (M, Li, Cond) 0.478 2 (M, Li, Poly) 0.519
(TFSI, Poly, TN) 0.892 3 (M, TFSI, Cond) 1.047 1 (D, Poly, TN) 0.460 2 (1D, TN, Cond) 0.515
(MW, Poly, TN) 0.882 1 (TFSI, Li, TN) 1.047 3 (M, TFSI, Cond) 0.457 2 (M, Poly, Cond) 0.510
(MW, TFSI, Poly)  0.864 4 (MW, Poly, TN) 1.047 1 (Li, Poly, Cond) 0.422 2 (1D, Li, Cond) 0.498
(M, D, Cond) 0.810 3 (MW, TFSI, Cond)  1.010 3 (M, TFSI, Poly) 0.410 2 (TFSI, Poly, TN) 0.488
(MW, D, TN) 0.794 2 (M, Poly, TN) 0.955 2 (DD, Li, Cond) 0.380 2 (TFSI, Li, Cond) 0.471
mi\?,'&?g)l N g;g; 3 (M, TFSL, TN) 0.937 3 (D TESLTN) 0374 5 (D_TESL Poly) 0.452

: SI, Li B &
SR M, MW, D) 0.673 4 P e

s i b . =

M. MW, Pol 0700 = MW Pl 500 = IREL T =TT - T 0.348
fM’ MW, 1) v) 0.673 4 gm, MW, Li)’ ) 0.770 3 (TFSI, Li, Cond) 0.311 2 (MW, Li, Cond) 0.330
(MW, Li. TN) 0.671 7 (MW, TFSI, TN) 0.754 1 (1D, Poly, Cond) 0.307 2 (MW, TFSI, Poly)  0.277
(M, Li, Poly) 0813 5 (D, TFSI, Cond) 0.734 5 (MW, Poly, Cond)  0.295 2 (TFSL, Poly, Cond)  0.273
(TFSI, TN, Cond)  0.609 3 (D, Poly, TN) 0.714 4 (M, TFSI, TN) 0.265 3 (M, D, TFSI) 0.245
(TFSI, Li, TN) 0.605 2 (MW, Li, TN) 0.702 3 (M, D, TFSI) 0.252 2 (MW, D, Poly) 0.213
(M, TN, Cond) 0.600 2 (M, D, Poly) 0.698 3 (MW, TFSI, TN) 0.250 2 (MW, D, TFSI) 0.163
(D, Li, Poly) 0.592 1 (1D, TFSI, TN) 0.661 3 (M, TFSI, Li) 0.211 2 (Li, TN, Cond) 0.124
(M, Poly, Cond) 0.579 2 (MW, Li, Poly) 0.648 3 (MW, TFSI, Cond)  0.196 2 (MW, TFSI, Li) 0.111
(DD, TFSI, Cond) 0.577 2 (TFSI, Li, Poly) 0.643 2 (MW, Li, Cond) 0.169 2 (Li, Poly, Cond) 0.095
{Poly, TN, Cond) 0.565 2 (M, Li, Cond) 0.640 1

‘ Ranked winding (Molality, Monomer Width, Density)

NNRERNNRNRNRNNNNRENAENDRN RN RN &

w

BN NN NN



LOCAL PATHING

3-Node Pathing Full Data

NWRNNRNRNNRXNNRN NN

NRNNNRWUWRNNNON RN

(DD, Poly, Cond)
EM, D, Li)

‘TFSI, TN, Cond)
(MW, TN, Cond)
(D, TFSI, Li)

(D, Li, Poly)

(M, MW, TFSI)
gPoly, TN, Cond)
MW, D, Li)

(M, Li, Poly)

(DD, TN, Cond)
(M, Poly, Cond)
(D, Li, Cond)
(TFSI, Poly, TN)
(TFSI, Li, Cond)
(D, TFSI, Poly)
(M, TFSI, Poly)
(MW, Poly, Cond)
(M, TFSI, Li)
(MW, Li, Cond)
(MW, TFSI, Poly)
(TFSI, Poly, Cond)
(M, D, TFSI)
(MW, D, Poly)
(MW, D, TFSI)
(Li, TN, Cond)
(MW, TFSI, Li)
(Li, Poly, Cond)

o G (DD, TFSI, Poly) 0.554
Columns Winding Len (.‘(;lu‘mr;s Windin, 1 (MW, I),.()ond) 0.543
e o sen pecddr Pt
M, Li, TN) T.653 3 ™, MW, D) 1.756 5 (TFS, Li, Poly) 0.534
(M. MW, TN) 1.573 5 (M. Li, TN) 1.570 5 (M, D, Li) 0.533
(MW, D, Li) 1.545 3 (M, MW, TN) 1.217 3 (M, Poly, TN) 0.531
(DD, Li, TN) 1.300 3 (M, D, TN) 1.189 3 (MW, D, TFSI) 0.521
(D, TN, Cond) 1.074 2 (Li, Poly, TN) 1.182 2 (MW, D, Poly) 0.516
(M, D, TN) 1.051 2 (D, Li, TN) 1.149 3 (M, MW, Li) 0.505
gmv\; T ; — = _'LM_M.W Cand) 1132 2 (TFSI,_Poly, Col
el (TFSI, Li, Cond) 0.471 2
(MW, Foly, TN) T.8%2 1 {TFSL, L1, TN) T017 | (M, TFSI, Cond) 0.A57
(MW, TFSI, Poly)  0.864 4 (MW, Poly, TN) 1.047 1 (Li, Poly, Cond) 0.422
(M, 1D, Cond) 0.810 3 (MW, TFSI, Cond)  1.010 3 (M_TFSI, Poly) 0.410
E3 & A & - - - lond ) 0.380
( I'F .Sl, Ll, (,Olld) 0.311 R 2 . TN) 0.374
(L1, Poly, TN) 0.729 3 (M, TN, Cond) 0.873 3 MW, Li :’:1;;) gg;’
(W, MW Paly) 0700 3| Maw, Py 0.809 2 \ (Li, TN, Cond) ~ 0.312
(M. MW, D) 0.673 4 (M. MW, Li) 0.770 3 (TFSI, Li, Cond) 0.311
(MW, Li, TN) 0.671 7 (MW, TFSI, TN) 0.754 1 §D,. Poly, Cond) 0.307
(M, Li, Poly) 0.613 3 (D, TFSI, Cond) 0.734 4 MW, Poly, Cond)  0.295
(TFSI, TN, Cond)  0.609 3 (D, Poly, TN) 0.714 1 (M, TFSI, TN) 0.265
(TFSI, Li, TN) 0.605 2 (MW, Li, TN) 0.702 3 (M, D, TFSI) 0.252
(M, TN, Cond) 0.600 2 (M, 1D, Poly) 0.698 3 (MW, TFSI, TN) 0.250
(D, Li, Poly) 0.592 1 (D, TFSI, TN) 0.661 3 (M, TFSI, Li) 0.211
(M, Poly, Cond) 0.579 2 (MW, Li, Poly) 0.648 3 (MW, TFSI, Cond)  0.196
(DD, TFSI, Cond) 0.577 2 (TFSI, Li, Poly) 0.643 2 (MW, Li, Cond) 0.169
(Poly, TN, Cond) 0.565 2 (M, Li, Cond) 0.640 1

‘ Ranked winding (TFSI, Li Diffusivity, Conductivity)

0.638
0.622
0.612
0.599
0.588
0.577
0.550
0.543
0.526
0.519
0.515
0.510
0.498
0.488
0.471
0.452
0.446
0.424

NNRERNNRNRNRNNNNRENAENDRN RN RN &

w

BN NN NN



LOCAL PATHING

Winding Numbers as Flexibility

Distribution of Winding Values

[ Forward
[ Reverse
104
8_
5 6
o
[v]
4-
2_
. | N (W
0.25 0.50 0.75 1.00 1:25 1.50 1.75

winding

Winding histogram w/outliers



LOCAL PATHING

Open Questions and Potential Directions

Higher Homology

Q: What are the higher homology
groups of the link complex?
Q: How does data fill that space?

Quillen Fiber Approach
Persistent Homology on Smaller Cells




CAUSAL REGIMES

Topological Ordering

Condition: graph 318 | [None]
.034

| Question: When does causal ordering change?




CAUSAL REGIMES

Color by Topological Ordering

Causal ORDERING vs thresholds
colour = ordering, grey = rare, white = subset too small . .
‘ 9. grey ’ X axis : Molality < X

481 Y axis: monomer_mw <Y

480

479

Ex: Molality < 1.46 and

47 monomer_mw < 477

477
476

Color = Topological Ordering

475

474
1.40 1.42 1.44 1.46 1.48



CAUSAL REGIMES

Color by Topological Ordering

Causal ORDERING vs thresholds
(colour = ordering, grey = rare, white = subset too small)

481 Regions are Causal Regimes.

480
479
478

477
Boundaries are potential

s discoveries

475

474
1.40 1.42 1.44 1.46 1.48



CAUSAL REGIMES
Topological
Orders

Convergence to causal regimes.

Convergence is convincing

Only two of several dimensions.

True geometry is complicated

(monomer mw < t)

threshold t;

Causal ORDERING vs thresholds — N = 2500
(colour = ordering, grey = rare, white = subset too small)
||

H

00

i}
L

B

o]

o
!

FSN

~

[Ce]
1

478 A

477 -

476 -

475 -

474 -

1.40 1.42 1.44 1.46 1.48
threshold t; (molality < ty)

ICausaI Regimes as sample size increases

threshold t;



CAUSAL REGIMES

Direct LINGAM Bound

ST

Residual |RMse | Residuals | g | Kernels Minimum | Next
Data - of - (independence - Choice of
Residuals measure) Variable
\ HSIC/
score(ji)
0 score(jo) score(jz)
® e e S




CONDITIONAL STABILITY

Direct LINGAM Bound

| Change by adding a new datapoint



CAUSAL REGIMES

Direct LINGAM Bound

_—

\/

New

RMSE

Data

~—

New
Residuals

HSIC

v

New Kernels
(independence
measure)

Minimum

-

HSIC/

Q: When old ordering = new ordering

A: We have a bound

New Choice
of Variable




CAUSAL REGIMES

Future Work

Formalization condition space operations

For users and developers to approach
discoverability.

Construct a formal way to measure
dataset.

Causal ORDERING vs thresholds
(colour = ordering, grey = rare, white = subset too small)

481

480

479

478

477

476

475

474
1.40 1.42 1.44 1.46 1.48

Theoretical Guarantees

Develop stability and rigid theory for
convincingness.

Universal theory

Develop theory perfectly fits the
assumption of DirectLINGAM



TOPOLOGY OF CONDITIONAL CAUSALITY conductivi <B.273_76e?0.5 A li_diffusivity=1.0268e-08
Summary = | :
Conditional Pathing n
Highlight primary mechanism g .
Discoverability o
AJaccard = 0.0477 ATE = 0.3830

Comprehensiveness <-> compute
Local Conditional Pathing

Substructure : discoverability
Winding number : convincingness

Causal ORDERING vs thresholds
hit

ering, grey = rare, white = subset too small)

Topological Ordering

Change of causal order : discoverability




Questions?




Technical Slides



Technical Slides



Technical Slides

conductivity<8.27376e-05 a li_diffusivity=1.0268e-08
A molality<1.47172 a tfsi_diffusivity=2.1232e-08

molality q

monomer_mw -

density

tfsi_d

li_d -

poly_d -

t_num

cond A

molality 4

monomer_mw 4

density

tfsi_d |

li_d

poly_d

(start of path)

t_num

cond

0.4

0.3

0.2

0.1

0.0

r-0.1

F—0.2

-0.3

-0.4

conductivity<8.27376e-05 A li_diffusivity=1.0268e-08
A poly_diffusivity=8.00994e-09 A
tfsi_diffusivity=2.1232e-08

0.4
molality
0.3
monomer_mw -
0.2
density
0.1
tfsi_d A
0.0
li_d A
F—0.1
r—0.2
t_num A
-0.3
cond -
-0.4

tfsi_d
li_d -
poly_d A
t_num
cond -

density 4

molality

monomer_mw -

AJaccard = 0.0477 ATE = 0.3830



Technical Slides



CONDITIONAL STABILITY

Tie Set detection

Does a bounded Jaccard step imply a bounded graph move?

2000 e order preserved Z‘ 8
o order changed H
1750 -
-
< 1500 A ° .
© © e ®
0
: S 1250 - g
Sample size E . .
3
matters here 5 1000 1 > o
(%]
©
&
o 750 - =
= (o] e o
..g 500 - ° - ® o o
- ° 4
® [ oo
250 o 2 -
® % o . 88 s o o)
o 9 e © - )
o{ o om e & 4 o o8 "o . |
0.005 0.010 0.015 0.020 0.025 0.030 0.035

actual Jaccard distance of step d_J



CONDITIONAL STABILITY

Tie Set Detection

2000 +

1750

=

w

o

o
1

There’s stability
when the causal
ordering is
preserved.

500 A

Total effect distance moved ATE
=1
o
o
o

250 A

Graph movement by move type (order-preserved points highlighted)

=

N

w

o
1

750 A

order changed
@ order preserved

: . oo © e -0
@ (KO
o“ “ fello X 8 Mo
add< add> loosen tighten

move type




CONDITIONAL PATHING

Technical Slide: The Condition Lattice

7 features — chocolate consumed, Nobel prizes, GDP, ...

C

chocolate > 5 - Nobel prizes > 2 - GDP < 40k

0

Add a “<” clause Add a “>” clause Move a clause

life expectancy < 80 life expectancy > 80 chocolate > 4

11-dimensional space

one move per branch

}

Large search space

~10%cells — too large to enumerate



CONDITIONAL PATHING

Technical Slide: Graph Searching

Path-search problem
11-dim lattice, ~10™ cells

Exhaustive search A* search Beam search
try every combination priority queue + pruning heuristic keeps only top k candidates
Uninformed searching Best for optimal paths Best for any path

exponentially blows up near-linear frontier in practice completeness for scalability



METRICS

Technical Slide: TE Metric

e The €; j are actually the entries
of adjacency matrix of DAG

o TGy ahdrheomdloh)sm of
DAG space.



CAUSAL-GRAPH PATHS

T_echnical Slides: Optimizations

DirectLiNGAM fit cost

finding causal ordering dominates

/\

Cache conditions Certify order unchanged

cheap structural check
(In Progress)

l l

Reuse causal graphs Skip the ordering search
28.7 % reuse rate only update OLS (cheap)

Save each subset used



T_echnical Slides

RVR):)

(RVR)(G)

(RVR)()

RVR):)



T_echnical Slides

2n — 1 2n

(KK 1T K1, AT K1, )+ ————— (kT Ky 1+ K ko 1T

> 2 (agn—ip UK e - o ) (L Ke L)t Ty (k1 Kol K kal)
6n — 2
17K, K»1,
+Z n—|—1n—1)2n12)
1eU1#)

— e (g, )~ i |12 —11(@ (g, 5) b (ke j)) — (1 —b1;)112 — (=, 5) =) —b(@ (g, 5) —1)112

(ki)r =€ 207, (ko)k =€ 202 — e 757

Loy w1+ 1817)
oA S |




COMPUTING HOMOLOGY

Approach 2: Topology of Causal Graph Space

DAG, = {M € M,(R)|Vk € N,Vi,j € [n],(M*);; =0, M;; #0 => M,,; =0}

L‘n _ lSvn(n—l)—l N DJ\(_;H

|

n
Ln ~ U S_':_l
m=1

A more precise formulation



COMPUTING HOMOLOGY

Approach 2: Topology of Causal Graph Space

~ O

~  On - On Jo
0— C, (—) Ch-1 —l)' 5cc 2 C, — C"Q — 0

0;1 : C,, — C"n—l~ G Z(_l)subordcr(c)(;v\{c}

eceG

1 1 1 ...
-1 -1 -1 ...
0171 - 1 0 0

0 1 0

"/ (# of (m+1)-edge DAGs, # of m-edge DAGs)

Linking space chain complex



COMPUTING HOMOLOGY

Approach 2: Topology of Causal Graph Space

1
0
= | —1

1
0
0

0
1
—1

0
1
0

0

Bo(L3) = dim Cy — rank(9,) = 12 — 11 =1,

B1(L3) = dim Cy — rank(0;) — rank(0d;) =48 — 11 — 36 =1
Ba(L3) = dim Cy — rank(d;) — rank(ds) = 48 — 36 — 0 = 12
Br(L3) =0 R

Computing homology for n=3

—1

0

—1

12x48

Z

Hy(L3; Z) =0,

H-z(L:}Z Z) = le.

k > 3.




COMPUTING HOMOLOGY

Approach 2: Topology of Causal Graph Space

A}})AG ~ Sn—'Z — H“_g (A}I)»\(J Z) ~ 7 — Hn—2 (5,11):\(;; Z) 7& 0.
(Bjorner & Welker, 1999)

s, : Hy(APA®, Z) < H, (Z\.}:AG; Z) .

Higher homology



dim 2

Extra Slides: Pathing in Practice

MDS (preserves distances) MDS (preserves distances)
1500 @ 12
° . ® graphs
@ ~@- trajectory
e u ki | end
1000 @ 4 @0 °
° ...Q&»
. % 10 - (0\\;0 @
500 ®e o, S
® e % ® o o
o % ) o @ ° ~ " o
e * E 9 =<8 - o
. % e ® © = . \ wk
0 @ e o ®¢ o0 ® ® — L] S 8
o - N, 3 ® 4 <
®
LISy . . i
~500 ~ o § o
Q
7 5
® start
° [ ]
—-1000 ° °
@
6
—1000 0 1000 0 2 4 6

dim 1 dim 1



METRICS

Comparison between TE and Frobenius metrics




Technical Slides



The Topology of Conditional Causality

Summary

Topological Ordering
Conditional Pathing

e Highlight primary mechanism
e Discoverability
e Future work:Automation

Change of causal order : discoverability
Future work: theory development
Future work: try more dataset

Future work: prove conjectures

Local Conditional Pathing

e Substructure: discoverability
e Winding number : convincingness
e Future work:try more dataset



CONDITIONAL STABILITY

Direct LINGAM Bound

Data

RMSE

v

Residuals

HSIC

>

Kernels
(independence
measure)

Minimum

»

| Direct LINGAM Causal Order Determination Step 1

Choice of
Variable V




CONDITIONAL STABILITY

Direct LINGAM Bound

_—

\/

Residuals
ToV

RMSE

~—

Residuals
of
Residuals

HSIC

v

Kernels
(independence
measure)

Minimum

\ 4

-

HSIC/

| Direct LINGAM Causal Order Determination Step 2

Next
Choice of
Variable




CONDITIONAL STABILITY

Direct LINGAM Bound

| Change by adding a new datapoint



CONDITIONAL STABILITY

Direct LINGAM Bound

Data’

RMSE

v

Residuals’

HSIC

>

Kernels
(independence
measure)’

Minimum

| Q: What restrictions need to hold to make V=V'?

Choice of

| Variable V'’




CONDITIONAL STABILITY

Direct LINGAM Bound

€m = score(jm,) — score(jo)

score(j) = Z Kernel(i, j)

score(j;) | i
0) score(jo) score(jz)
O O— —O e
— €1

| Induced change in causal order

€9



CONDITIONAL STABILITY

Direct LINGAM Bound

| Ascore(jo)| + |Ascore(jm)| < €m

score(j;)
0) score(jo) score(jz)
o o0——o0 S
— €1
| | €2

| Bound to preserve order



METRICS

Comparison between TE and Frobenius metrics

S
NN N




METRICS

Comparison between TE and Frobenius metrics

X X Y X

VA Z VA Z

Indeed, reversing arrows corresponding to smaller lexicographic changes in the causal
order gives smaller changes in the total effect metric.



